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PREFACE 



In this book the authors introduce four types of topological 
vector subspaces. All topological vector subspaces are defined 
depending on a set. We define a quasi set topological vector 
subspace of a vector space depending on the subset S contained 
in the field F over which the vector space V is defined. 

These quasi set topological vector subspaces defined over a 
subset can be of finite or infinite dimension. An interesting 
feature about these spaces is that there can be several quasi set 
topological vector subspaces of a given vector space. This 
property helps one to construct several spaces with varying 
basic sets. 

Further we cannot define quasi set topological vector subspaces 
of all vector subspaces. We have given the number of quasi set 
topological vector subspaces in case of a vector space defined 
over a finite field. 

It is still an open problem, “Will these quasi set topological 
vector spaces increase the number of finite topological spaces 
with n points, n a finite positive integer?”. 
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Chapter one is introductory in nature and chapter two uses 
vector spaces to build quasi set topological vector subspaces. 
Not only we use vector spaces but we also use S-vector spaces, 
set vector spaces, semigroup vector spaces and group vector 
spaces to build set topological vector subspaces. These also give 
several finite set topological spaces. Such study is carried out in 
chapters three and four. 

We tha nk Dr. K.Kandasamy for proof reading and being 
extremely supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



INTRODUCTION 



In this book the authors introduce the new notion of quasi set 
topological vector subspaces and New Set topological vector 
subspaces defined over the set S. 

For the concept of vector spaces and Smarandache vector 
spaces please refer [15]. For the notion of set vector spaces 
please refer [16]. For the concept of topological spaces refer [1, 
5]. 



Here S-quasi set topological vector subspaces are also 
defined which is quasi set topological vector subspaces defined 
over Smarandache rings (S-rings) [7]. 

Finally we in this book define the concept of New Set 
topological vector subspace (NS-topological vector subspace) of 
a set vector space V defined over the subset P of S where S is 
the set over which V is defined. 

We enumerate the properties associated with them. These 
new topological vector subspaces are not like the usual 
topological spaces where are defined on the collection of sets 
and some topology is defined but the set topological vector 
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subspaces depend highly on the set over which they are defined 
as well as the algebraic structure enjoyed by the set over which 
they are defined. 

For instance if T is the quasi set topological vector subspace 
defined over the set P; then T depends on the vector space over 
it is defined as well as the set P c F (F is the field over which V 
is defined). Likewise if M is a S-quasi set topological vector 
subspace of V defined over the set P c R where R is a S-ring 
over which the S-vector space V is defined. 

Finally W the New Set topological vector subspace S of V 
defined over the set L c S where V is a set vector space defined 
over the set S. 

Thus it is left as an open problem whether these three types 
of new topological vector subspaces are different from the 
already existing topological spaces. For these are dependent 
topological vector subspaces over the sets and the algebraic 
structures over which they are defined. 




Chapter Two 



Qiws Ster Topologiqvl Vector 
Subspaces 



In this chapter we for the first time define set topological 
vector subspace using quasi set vector subspaces of a vector 
space. Here we develop and describe these structures. 

DEFINITION 2.1: Let Vbe a vector space defined over a field F. 
Let S cp V be a non empty subset of V and P cp F be a subset of 
the field F. If for all s £ S and p e P, sp and ps £ S then we 
define S to be a quasi set vector subspace of V defined over the 
subset P of F. 

We will first illustrate this by some examples. 

Example 2.1: Let V = QxQxQbea vector space defined 
over the field F = Q. 

Consider S = {(3Z x 2Z x 5Z)} cr V and P = Z + u {0} cr F 
be proper subset of V and F = Q respectively. S is a quasi set 
vector subspace of V defined over PcV. 
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Example 2.2: Let 

V = {collection of all 2 x 2 matrices with entries from Q} be a 
vector space defined over the field F = Q. 

Let 
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dl 
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o 1 
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°J 



a g 3Z, b g 5Z; c, d g 7Z} cr V 



be a subset of V and T = 3Z + u {0} c F = Q be a subset of F. S 
is quasi set vector subspace of V defined over the set T of F. 

Example 2.3: Let V = Z 7 x Z 7 x Z 7 x Z 7 be a vector space 
defined over the field F = Z 7 . 

Let S = {(a, b, c, d) | a, b, c, d g {0, 1, 6} cr Z 7 } c Vbea 
subset of V. P = {0, 1, 6} c= Z 7 = F be a subset of Z 7 . S is a 
quasi set vector subspace of V defined over the set P of Z 7 . 

The following observations are interesting and important. 

(1) For any given subset P of the field F; where V is the 
vector space defined over the field F we can have in 
general many number of quasi set vector subspaces 
of V defined over the set PcF. 

(2) We can have any number of quasi set vector 
subspaces S c V for varying subsets P of the field 
F. 

(3) {0} is the trivial quasi set vector subspace of V 
defined over every proper subset P of the field F. 

(4) V is also trivial (or not proper) quasi set vector 
subspace of V defined over every proper subset P of 
the field F. 

Now we define the concept of substructures of a quasi set 
vector subspace of V defined over the subset P of a field F. 
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DEFINITION 2.2: Let V be a vector space defined over the field 
F. S cr V be a quasi set vector subspace of V defined over the 
subset P of F. IfX crS is a proper subset such that X is a quasi 
set vector subspace of S over the set P of F; we define X to be a 
quasi subset vector subspace ofScrV over the set P of F of type 
I. Suppose S cr V is a quasi set vector subspace of V define over 
P and ifTczP(Ta proper subset of P) then we define S to be a 
quasi subset vector subspace of V over the subset T of P of 
type II. 

If S cr V is a quasi subset vector subspace of V defined over 
the subset P of S and if W cr S (W a proper subset of S) and 
T <z P (T a proper subset of S), such that W is a quasi subset 
vector subspace of S cr L defined over T crP, then we define W 
to be a quasi subset vector subspace of type I and type II, which 
we call as a Twin quasi set vector subspace ofStzV define over 
T cP czF. 

We will illustrate all these situations by some examples. 

Example 2.4: Let V = QxQxQxQbea vector space defined 
over the field F = Q. Let S = {(3Z x 2Z x 5Z x 1 1Z)} cVbea 
quasi set vector subspace of V defined over the set P = (3Z u 
2Z) c Q = F. 

Consider W = {(6Z x 10Z x 35Z x 44Z)} <r S <r V and 
T = {(6Z u 16Z)} c P c Q. W is a Twin quasi set vector 
subspace of S over the set T of P. 

THEOREM 2.1: Let V be a vector space defined over a field F. 
If W <z V is a Twin quasi set vector subspace defined over a set 
in F then W is both a type I quasi subset vector subspace and 
type II quasi subset vector subspace of V. 

The proof is direct from the definition. 

Now we show however a type I or type II quasi subset 
vector subspace in general is not a Twin quasi set vector 
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subspace of V defined over F (or used in the mutually exclusive 
sense). 

This is described in the following. 

THEOREM 2.2: Let V be a vector space defined over a field F, 
V in general need not have a quasi set vector subspace defined 
over F. 

Proof: This is proved by the following example. 

Let V = Z 2 x Z 2 = {(0, 0), (1, 0), (0, 1), (1, 1)} be a vector 
space over the field Z 2 = F. V has no quasi set vector subspace 
defined over a subset in F. 

We call such vector spaces as strongly simple vector spaces. 

THEOREM 2.3: Let V be a vector space defined over the field F. 
Suppose S cr V is a quasi set vector subspace of V over P crF of 
type I; S need not in general be a quasi set vector subspace of V 
over P crF of type II. 

Proof : We prove this by a counter example. 

Let V = Z 3 x Z 3 x Z 3 x Z 3 x Z 3 be a vector space defined 
over the field Z 3 = F. S = {(Z 3 x Z 3 x 0 x 0 x Z 3 )} c V; be a 
quasi set vector subspace of V defined over the subset P = {0, 
1} cZ 3 = F. T = {(Z 3 x {0} x {0} x{0} x Z 3 )} c S c V; is a 
subset of S and T is a quasi set vector subspace of S of V over 
the subset P = {0, 1 } cr Z 3 = F of type I. Clearly T is not a quasi 
set vector subspace of S of V over the subset P = {0, 1} c Z 3 of 
type II; hence the theorem. 

Now we show a type II quasi set vector subspace in general 
is not a type I quasi set vector subspace. 

THEOREM 2.4: Let V be a vector space defined over a field F. 
Let S cr V be a quasi set vector subspace of V defined over the 
set P cr F. S is a quasi set vector subspace of V defined over the 
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subset T cr P <z F of type II. S in general is not a type I quasi 
set vector subspace of V defined over T or P. 

Proof : The proof is by a counter example. 

Consider V = Z 5 x Z 5 a quasi set vector subspace defined 
over the field Z 5 = F. Let S = {{0} x {0, 5, 1} cr Z 5 be a quasi 
set vector subspace of V over T = {0, 1, 5} cr F = Z 5 . We see 
S is a quasi set vector subspace of V defined over the set 
P = {0, 5} c T c Zj of type II but S can not have vector 
subspace of type I. 

Hence the claim. 

DEFINITION 2.3: Let V be a vector space defined over the field 
F. Let T = {Collection of all subsets of S of V such that S is a 
quasi set vector subspace of V defined over a fixed subset P of 

FI- 

Clear ly {0} € T. 

(V IfT= U S then T is also a quasi set vector subspace 

seT 

of V over P of F. 

(2) {0} is trivially a quasi set vector subspace of V 
defined over the set P of F. 

(3) Now ifS i and S ' 2 e T then Si n S 2 also is in T. 

(4) The union of any collection of sets in T is in T. So 
with T the given set of elements a topology > T q on T is 
a non empty collection of subsets of T called quasi set 
vector subspaces defined over P. The set T is 
topologised if a topology > T q is given on T associated 
with P. The topologised set T is called a quasi set 
topological vector subspace of V over the set P (or 
relative to P). The sets in T are called the quasi set 
vector subspaces relative to P of the topology > T q . 

We will first illustrate this situation before we proceed to 
derive more properties. However the topology T q is understood 
without explicitly mentioning it. 
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Example 2.5: Let V = Z 3 x Z 3 x Z 3 x Z 3 be a vector space over 
the field Z 3 = F. Take W = {(1, 0, 0, 0), (2, 0, 0, 0), (2, 2, 2, 2), 
(1, 1, 1, 1), (2, 2, 1, 1), (1, 1, 2, 2), (1, 0, 0, 2), (2, 0, 0, 1)} c= V, 
a quasi set vector subspace of V over the set P = {0, 1 } c Z 3 . 

We see infact every subset of V is a quasi set vector 
subspace of V over P = {0, 1} c Z 3 . Let T be the collection of 
all quasi set vector subspaces of V over P={0, 1 }cZ 3 . T is a 
quasi set topological vector subspace of V defined over P. 

Example 2.6: Let M = Z 3 x Z 3 be a vector space defined over 
the field F = Z 3 . Consider T = {all subsets of M including M}; 
T is a collection of all quasi set vector subspaces of M defined 
over the set P = {0, 1} c Z 3 . T is a quasi set topological of 
space of vector subspaces over P = {0, 1 } c Z 3 . 

The basic quasi set of T are {(0, 1), (0, 2), (1, 1), (1, 2), 
(2, 1), (1, 0), (2, 0), (2, 2)} cT. Infact the number of elements 
in this quasi set topological vector subspace is finite. 

Example 2.7: Let V = Z u x Z u x Z u be a vector space defined 
over the field Z n ■ Consider T = {set of all subsets of V which 
are quasi set vector subspaces of V defined over the set 
P = {0, 1} c Zn}. Clearly every set S in T contains (0, 0, 0) as 
an element. Further T is a quasi set topological vector subspace 
of V over P = {0, 1} c Zn. 

We see the basic set B of T contains pair {x, y} c V such 
that x = (0, 0, 0) and x ^ y e Zn x Zn x Zn. Thus B contains 
1 1 3 - 1 elements in it. 

Inview of this we have the following theorem. 

THEOREM 2.5: Let V = Z p xZ p x...xZ p be a vector space 

n -times 

defined over the field Z p = F. T = {Collection of all quasi set 
vector subspaces ofV defined over the set P = {0, 1} crZ p = F} 
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be the quasi set topological vector subspace defined over the set 
P = {0,l}c=Z p . 

The basic set ofTisB = {a,b/a = (0, 0, 0), a ^ b £ V} 

and the number of elements in B is p" - 1. 

Proof : Let V = Z p x Z p x ... x Z p be a vector space defined over 

n -times 

the field Z p . Let T = {All subsets of V which are quasi set 
topological vector subspaces of V over the set P = {0, 1} c Z p }. 
Clearly T is a quasi set topological vector subspace of V over 
P={0, 1}. 



Now 

B ={x = (0, 0, 0), y = (a b a n ) | a, e Z p , 1 < i < n, x * y} 

is the basic set of the quasi set topological vector subspace as 
every other element of T can be got as the union of elements 
from T and the intersection of any two elements of T or 
intersection of a finite number of elements of T is in T. 

We can also give a lattice associated with the quasi set 
topological vector subspace T whether T is finite or infinite. 

We give examples of infinite quasi set topological vector 
subspaces. 

Example 2.8: Let V = Q x Q be a vector space over Q = F. 
T = {all quasi set vector subspaces of V defined over the set 
P = {0, 1} c Q}. T is an infinite quasi set topological vector 
subspace of V over the set P={0, 1}cQ. 

Infact every subset of V to be a quasi set vector subspace of 
V, must contain (0, 0). All subsets of V with (0, 0) as one of its 
elements is a quasi set vector subspace of V over P = {0, 1 } c= 

Q. 



We see T is an infinite quasi set topological vector subspace 
of V over P = {0, 1}. 
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The basic set B is also infinite. 

B = {(0, 0), (a, b) | (a, b) * (0, 0) e Q x Q} c= T. 



Example 2.9: Let 
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be a vector space defined over the field Q. Let 
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aj g Q, 1 < i < 12} 



denote the collection of all pairs. T generates a quasi set 
topological vector subspace of V over the set P={0, 1}cQ. 

With T as a basic set we get an infinite quasi set topological 
vector subspace defined over P of 3 x 4 matrices. 



It is pertinent to mention here that we have a class of simple 
quasi set vector subspaces and on these vector subspaces we 
would not be in a position to define the concept of quasi set 
topological vector subspaces of finite or infinite basic set. 

THEOREM 2.6: Let V be a any vector space defined over the 
field Z 2 = {0, 1}. V is a simple quasi set vector space. 

Proof : Follows from the simple fact Z 2 = {0, 1} has no proper 
subset whose cardinality is two. 
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Example 2.10: Let 



V = 




*10 j 



a; G Z 2 = {0, 1}, 1 <i< 10} 



be a vector space defined over the field Z 2 . V is a simple quasi 
set vector subspace defined over Z 2 . 



It is important and interesting to note that V has in general 
vector subspaces even if V is a simple quasi set vector subspace. 

The claim follows from the following example. 



Example 2.11: Let V = Z 2 x Z 2 x Z 2 be a vector space defined 
over the field Z 2 . Take W = Z 2 x {0} xZ 2 c V; Wisa vector 
subspace of V overZ 2 . 

Take M = {0} x Z 2 x Z 2 c V; M is also a vector subspace of 
V over Z 2 ; hence the claim. 



Example 2.12: Let V = RxRxRxRbea vector space over 
the field Q (or R). T = {all subsets of V which contain {(0, 0, 0, 
0)} as one of its elements}; T is a collection of quasi set vector 
subspaces of V over the set P = {0, 1 } c Q (or R). 

Infact T is a quasi set topological vector subspace of V over 
the set P = {0, 1} c Q (or R). T is an infinite quasi set 
topological vector subspace and the basic set of T is of infinite 
order. 



Example 2.13: Let 



V = 




a 2 

a s 



•*6 J 



a ; e Z 3 ; 1 < i < 6} 



be a vector space defined over the field Z 3 . 
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be the collection of all matrices} is a quasi set vector subspace 
of V over the set P = {0, 1 } c Z 3 . 

Infact T is a quasi set topological vector subspace of V over 
the set P = {0, 1} cr Z 3 . 

We see the basic set of T is finite. 



Example 2.14\ Let 
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be a vector space defined over Z 3 . 
Take 
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T is the quasi set topological vector subspace built over the set 
P = {0, 1 } c Z 3 of finite dimension. 

The basic set 
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is the collection of pairs. 

Can we have any other quasi set topological vector 
subspaces built using other subsets of Z 3 ? 

The answer is yes. 

For take 
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M is again a quasi set topological vector subspace defined over 
the set P = {1, 2} c Z 3 . 
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We see 
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is the basic set of the quasi set topological vector subspace M 
defined over P = {1,2}. 

For 
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is a basic set and the empty set is the least element 
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which is also the trivial quasi set vector subspace of V over 
{1,2}cZj. 

To every quasi set topological vector subspace T relative to 
the set P c F, we have a lattice associated with it we call this 
lattice as the Representative Quasi Set Topological Vector 
subspace lattice (RQTV-lattice) of T relative to P. 

When T is finite we have a nice representation of them. In 
case T is infinite we have a lattice which is of infinite order. 
We can in all cases give the atoms of the lattice which is infact 
the basic set of T over P. 

It is pertinent to keep on record that the T and the basic set 
(or the atoms of the RQTV-lattice) depends on the set P over 
which it is defined. 



We will illustrate this situation by some examples. 
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Example 2.15 : Let V = Z 5 x Z 5 be a vector space defined over 
the field Z 5 . Consider T = {all quasi set vector subspaces of V 
defined over the set P = {0, 1} c Z 5 }. T is a quasi set 
topological vector subspace of V defined over the set P. The 
atoms of T relative to the RQTV - lattice whose least element is 
(0, 0) and the greatest element is V is as follows. Let A denote 
the atoms ofL. 

A= {{(0, 0), (1, 0)}, {(0, 0), (0, 1)}, {(0, 0), (2, 0)}, {(0, 0), 
(0, 2)}, {(0, 0), (3, 0)}, {(0, 0), (0, 3)}, {(0, 0), (4, 0)}, {(0, 0), 
(0, 4)}, {(0, 0), (4, 1)}, {(0, 0), (1, 4)}, {(0, 0), (4, 2)}, 

{(0, 0), (2, 4)},..., {(0, 0), (4, 4)}}. 

o(A) = 25 - 1 = 5 2 - 1. With A as the basic set we can 
generate the quasi set topological vector subspace, T relative to 
the set P = {0, 1}. 

Suppose we change the set P, do we get a new quasi set 
topological vector subspace? The answer in general is yes. 

We may have different sets for which the T remains the 
same. 

Take Pi = {1,4} c Z 5 . We find the quasi set topological 
vector subspace relative to the set Pi = {1,4}. Let M denote the 
collection of all quasi set vector subspaces of V defined over the 
set Pi = {1,4}. To find the basic set of M or equivalently the 
atoms of the RQTV-lattice of M. 

Let B denote the basic set or atoms of the RQTV - lattice of 
M. B = {(0, 0), {(1, 1), (4, 4)}, {(1, 0), (4, 0)}, {(0, 1), (0, 4)}, 
..., {(2, 4), (3, 1)}, {(1, 2), (4, 3)}, {(2, 2), (3, 3)}, {(1, 3), 
(4, 2)}, {(3, 1), (2, 4)},...}. 

Clearly the number of elements in B is 13 and these 13 
elements form the atoms of M relative to Pi = {1, 4}. 



We see the lattice of the quasi set topological vector 
subspace T over P= {0, 1} cZ 5 has 24 atoms and that of the 
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lattice of quasi set topological vector subspace M over Pi = {1, 
4} cr Z 5 has 13 atom s . 

So both the quasi set topological vector subspaces T and M 
are different. Further quasi set topological vector subspaces 
defined over set P and Pi respectively are distinct and as well as 
the lattices associated with them depend highly on the sets P 
and Pi over which they are defined. 

This is evident from the above examples. 

Suppose we take P 2 = {2, 3 } c Z 5 as the set over which the 
quasi set vector subspaces of V is defined. S = {Collection all 
quasi set vector subspace of V defined over the set {2, 3 } = 
P 2 c Z 5 } be the quasi set topological vector subspace of V 
defined over the set P 2 = {2, 3 } . 

The basic set of S is B = {Ai = (0, 0), {(2, 1), (4, 2), (1, 3), 
(3, 4)} = A 2 , {(1, 2), (2, 4), (3, 1), (4, 3)} = A 3 , {(1, 1) , (2, 2), 
(3, 3), (4, 4)} = A 4 , A s = {(1, 0), (2, 0), (3, 0), (4, 0)}, A 6 = 
{(0, 1), (0, 2), (0, 3), (0, 4)} and A 7 = {(2, 3), (3, 2), (1, 4), 
(4,1)}}. 

Now L the lattice associated with the quasi set topological 
vector subspace of V defined over the set S has the maximum 
element as V and the least element is the empty set ij). The 
atoms of the lattice are {Ai, A 2 , A 3 , A 4 , A 5 , A 6 , A 7 }. We see the 
associated lattice is a Boolean algebra of order 2 7 . 

Thus we see for any given vector space V over the field F 
we can have several quasi set topological vector subspaces of V 
depending on the subset P taken in F. The associated RQTV- 
lattice of these quasi set topological vector subspaces will be a 
Boolean algebra of finite or infinite order depending on the 
cardinality of the vector space V over F. 

Recall a topological space X is said to satisfy the second 
axiom of countability if and only if its topology has a countable 
basis. 




Quasi Set Topological Vector Subspaces | 23 



We further define basis and subbasis of quasi set 
topological vector subspaces defined on the subset P of a field 
F, where V is a vector space defined over the field F. 

Let T be the collection of all quasi set vector subspaces of 
the vector space V defined over the set P c F, F is the field over 
which V is defined. Let T be a quasi set topological vector 
subspace with topology T q (we also denote T by T q p as T is 

defined over the set P cr F). 

A basis of a topology in T is a subcollection B of T such 
that every quasi set vector subspace U of T is a union of some 
quasi set vector subspaces in B. 

In other words for every quasi set vector subspace U in T 
and each quasi set vector subspace X in U there is a D in B such 
that X = D (or u D) c U. The quasi sets B will be called Basic 
quasi sets of vector subspaces of the quasi set topological vector 
subspace T. Subbasis of T can be defined in an analogous way. 

We proceed onto give examples of quasi set topological 
vector subspaces T defined over a set P c F of a vector space V 
defined over the field F which satisfy the second axiom of 
countability. 

Example 2.16: Let V = Zu x Z u x Z n be a vector space 
defined over the field Zu = F. Let T = {collection of all quasi 
set vector subspaces of V defined over the subset P = {0, 1 } c 
Zu}. T is a quasi set topological vector subspace of V defined 
over (relative to) the subset P = {0, 1} c F = Z n . T satisfies 
second axiom of countability as it has a finite basis. 

Example 2.17: Let V = QxQxQxQbea vector space 
defined over the field Q = F. T = {collection of all quasi set 
vector subspaces of V defined over the set P = {0, 1} c Q = F}. 
T is a quasi set topological vector subspace of V defined over 
the set P = {0, 1} c Q = F. T satisfies the second axiom of 
countability. 
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Now we have the following interesting theorem. 

THEOREM 2.7 : Let V be a vector space defined over a field Z p 
(p a prime number and number of elements in V is finite). Every 
quasi set topological vector subspace of V defined over the set P 
<yZ p satisfies the second axiom of countability for every > proper 
subset P <yZ p . 

The proof is direct and hence leave it as an exercise to the 
reader. 

Corollary. If Z p in theorem 2.7 is replaced by Z q where q = p m 
and Z q a field m > 1 then the above theorem is true for every 
subset P cr Z q . 

Example 2.18: Let V = QxQxQxQxQbea vector space of 
finite dimension defined over the field F = Q. 

T = {collection of all quasi set vector subspaces of V over 
the set P = {0, 1} c Q}; T is a quasi set topological vector 
subspace of V over the set P which satisfies the second axiom of 
countability. For take B = {{(0, 0, 0, 0, 0), x = (a, b, c, d, e)} 
a, b, c, d, e e Q and x ^ (0, 0, 0, 0, 0)} as a basis of T over the 
set P= {0, 1} cQ. Lienee the claim. 

We define those quasi set topological vector subspaces 
defined over the set {0, 1 } c Z p or F (F a field of characteristic 
zero and Z p is the prime field of characteristic zero) of any 
vector space V, V defined over Z p or F as the fundamental quasi 
set topological vector subspace of V defined over the set {0, 1 } 
c Z p or F. 

P = {0, 1 } is also called in this book as the fundamental set 
in Z p or F. 

THEOREM 2.8: Let V be a vector space defined over the field 
Q of finite dimension defined over Q = F. T = {collection of all 
quasi set vector subspaces of V defined over the fundamental set 
P = {0, 1} <yQ}; T is a fundamental quasi set topological vector 
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subspace ofV defined over the fundamental set P = {0, 1} cz Q 
and this fundamental quasi set topological vector subspace 
satisfies the second axiom of countability. 

The proof is straight forward and hence is left as an exercise 
to the reader. 

Example 2.19: Let V = {Q x Q} be a vector space defined over 
the field Q. Take S = {(0, -1) c Q} to be a subset of Q. Let 
T = {all quasi set vector subspaces of V over the set S c Q}; 
T is a quasi set topological vector subspace of V defined over 
(or relative) the set S = {0, -1} c Q. 

We see the basic set of T assumes the following form 
B t = {{(0, 0), x = (a, b), (-a, — b)} | a, b e Q, x ^ (0, 0)}. T also 
satisfies the second axiom of countability. 

Example 2.20: Let V = Z 7 x Z 7 be a vector space defined over 
the field Z 7 = F. Let S = {0, 6} c Z 7 be a proper subset of Z 7 . 
T = {collection of all quasi set vector subspaces of V defined 
over the set S = {0, 6} c Z 7 }. T is a quasi set topological vector 
subspace ofV over the set S = {0, 6}. 

Now B = {{(0, 0), (0, 1), (0, 6)}, {(0, 0), (1, 0), (6, 0)}, 

{(0, 0), (1, 6), (6, 1)}, {(0, 0), (6, 6), (1, 1)}, {(0, 0), (2, 0), 

(5, 0)}, {(0, 0), (0, 2), (0, 5)}, {(0, 0), (2, 2), (5, 5)}, {(0, 0), 

(2, 5), (5, 2)}, {(0, 0), (0, 3), (0, 4)}, {(0, 0), (3, 0), (4, 0)}, 

{(0, 0), (3, 3), (4, 4)}, {(0, 0), (3, 4), (4, 3)}, {(0, 0), (1, 2), 
(6, 5)}, {(0, 0), (2, 1), (5, 6)}, {(0, 0), (1, 3), (6, 4)}, {(0, 0), 

(4, 6), (3, 1)}, {(0, 0), (1, 4), (6, 3)}, {(0, 0), (4, 1), (3, 6)}, 

{(0, 0), (1, 5), (6, 2)}, {(0, 0), (5, 1), (2, 6)}, {(0, 0), (2, 3), 

(5, 4)}, {(0, 0), (3, 2), (4, 5)}, {(0, 0), (2, 4), (5, 3)}, {(0, 0), 

(4, 2), (3, 5)} } is the basic set of the quasi set topological vector 
subspace of V over S = {0, 6} c Z 7 . o(B) = 24 = (7 2 - 1) / 2. 

Example 2.21 : Let V = Z 5 x Z 5 be a vector space defined over 
the field F = Z 5 . Let T = {all quasi set vector subspaces of V 
defined over the set S = {0, 4} c Z 5 }; be the quasi set 
topological vector subspace of V over the set S = {0, 4} c Z 5 . 
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The basic set of T = {{(0, 0), (1, 0), (4, 0)}, {(0, 0), (0, 1), 
(0, 4)}, {(0, 0), (1, 1), (4, 4)}, {(0, 0), (1, 4), (4, 1)}, {(0, 0), 
(2, 0), (3, 0)}, {(0, 0), (0, 2), (0, 3)}, {(0, 0), (3, 2), (2, 3)}, 
{(0, 0), (2, 2), (3, 3)}, {(1, 2), (0, 0), (4, 3)}, {(0, 0), (2, 1), 
(3, 4)}, {(1, 3), (4, 2), (0, 0)}, {(3, 1), (2, 4), (0, 0)}. 

Clearly order of B is (5 2 - 1) / 2 = 12. 

Thus the associated lattice of T is a Boolean algebra of 
order 2 12 with {(0, 0)} as least element and V as the largest 
element. 



In view of this we have the following theorem. 

THEOREM 2.9: Let V = Z p x Zp be a vector space defined over 
the field Z p . P = {0, (p-1)} cr Z p be a subset of Z p . T = {all 
subsets of V which are quasi set vector subspaces of V defined 
over the set P = (0, p-1} cr Z p }; T is a quasi set topological 
vector subspace of V over the set P = (0, p-1}. 



(1) T has a finite basis B and o(B) = 



(2 P - 1 ) 
2 



(2) T satisfies second axiom of countability. 

(3) The lattice L associated with T is a Boolean Algebra 
with the basic set B as atoms and {(0, 0)} is the least 
element and V is the largest element and o(L) = 

2(2" -i/2) _ 2<>(B) 

The proof of the above theorem is straight forward and 
hence is left as an exercise to the reader. 



Example 2.22: Let V = Z 3 x Z 3 x Z 3 be a vector space defined 
over the field F= Z 3 . P = {0, 2} c Z 3 . Let T = {all subsets of V 
which are quasi set vector subspaces of V defined over the set 
{0, 2} (z Z 3 }. T is a quasi set topological vector subspace of V 
defined over P = {0, 2}. 
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The basic set associated with T be B, B = {{(0, 0, 0), (0, 1, 
0), (0, 2, 0)}, {(0, 0, 0), (0, 0, 1), (0, 0, 2)}, {(0, 0, 0), (1, 0, 0), 
(2, 0, 0)}, {(0, 0, 0), (1, 1, 0), (2, 2, 0)}, {(0, 0, 0), (1, 0, 1), 

(2, 0, 2)}, {(0, 0, 0), (0, 1, 1), (0, 2, 2)}, {(0, 0, 0), (1, 0, 2), 

(2, 0, 1)}, {(0, 0, 0), (0, 1, 2), (0, 2, 1)}, {(0, 0, 0), (1, 2, 0), 

(2, 1, 0)}, {(0, 0, 0), (1, 1, 1), (2, 2, 2)}, {(0, 0, 0), (1, 2, 1), 

(2, 1, 2)}, {(0, 0, 0), (2, 1, 1), (1, 2, 2)}, {(0, 0, 0), (1, 1, 2), 

(2, 2, 1)}}. The number of elements in B is (3 3 - 1) / 2. 

Example 2.23: Let V = Z n x Z u x Z u be a vector space 
defined over the field F = Z U - T = {set of all quasi set vector 
subspaces of V defined over the set P = {0, 10} c Z n }. T is a 
quasi set topological vector subspace of V defined over the set 
P={0, 10} c Zn. 



The basic set of T defined over P be B. B = {{(0,0,0), 
(1,0,0), (10,0,0)}, {(0,0,0), (0,1,0), (0,10,0)} ..., {(0,0,0), 
(0, 1 0,0), (10,1,10)}}. Clearly order of B is ( 1 1 3 - 1 )/2. 

We see the associated lattice of T is a Boolean algebra of 
order 2 0(B) =2 (Il3 - 1)/2 . 

In view of this we have the following theorem. 

THEOREM 2.10: Let V = Z p x Z p x Z p ; p a prime be a vector 

space defined over the field F = Z p . Let P = {0, p—1} c:Z p be a 
subset of Z p . T = {all quasi set vector subspaces of V defined 
over the set P = {0, p-1} cr Z p }. T is a quasi set topological 
vector subspace of V defined over the set P = {0, p-1}. T is a 
second countable quasi set topological vector subspace. Let B 
be the basic set of T. Number of elements in B is p 3 -l / 2. 
Clearly the lattice associated with T is a Boolean algebra of 
order p 3 -1/2. 

We can generalize this by the following theorem. 
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THEOREM 2.11: Let V = Z p xZ p X . . . X Z p be a vector space 

n -times 

defined over the field F = Z p . Let T = {all quasi set vector 
subspaces ofV defined over the set {0, p-1} c:Z p } be the quasi 
set topological vector subspace of V over the set P = { 0, p-1}. 

(1) T is quasi set topological vector subspace of V 
defined over the set P cr Z p satisfies the second 
axiom of countability. 

(2) The basic set B of T is of order ^ ^ . 

(3) The lattice associated with T is a Boolean algebra 
of order 2 

The proof of the two theorems is direct and can be easily 
proved. 

Now we proceed onto define dual quasi set topological 
vector subspace of V over a set. 

DEFINITION 2.4: Let V be a vector space defined over the field 
Z p . T = {collection of all quasi set vector subspaces ofV defined 
over the set P = {0, p-1 } cy Z p }. T is a quasi set topological 
vector subspace of V over P; T is defined as the fundamental 
dual quasi set topological vector subspace of V over P = {0, 
p-1} relative to the fundamental quasi set topological vector 
subspace of V defined over the set S = {0, 1} cyZ p . 

Example 2.24\ Let V = Z [3 x Z n be a vector space defined over 
the field F = Zi 3 . Let T = {collection of all quasi set vector 
subspaces of V defined over the set P = {0, 1}}. T is a quasi set 
topological vector subspace of V over P. 




Suppose B is the basic set of V then order of B is 13' - 1. 
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Let S = {collection of all quasi set topological vector 
subspaces of V defined over the set Pi = {0, 12} cr Zi 3 }. S is a 
quasi set topological vector subspace of V defined over the set 
Pi ={0,12}. 

(13 2 -1) 

Let Bi be the basic set of S. Now order of Bi is . 

2 

S is the fundamental dual quasi set topological vector 
subspace of V defined over the set Pi = {0, 12} to the 
fundamental quasi set topological vector subspace T of V 
defined over the set P = {0, 1 } c Zi 3 . 

Now we have seen example of fundamental dual quasi set 
topological vector subspace of V and the fundamental quasi set 
topological vector subspace of V. 

Now we have discussed and described the properties of 
quasi set topological vector subspaces. 

Apart from quasi set fundamental dual and fundamental 
topological vector subspaces we have other than these more 
number of quasi set topological vector subspaces of V defined 
over subsets in Z p . 

Now for quasi set topological vector subspaces defined over 
Q or R. The fundamental dual quasi set topological vector 
subspaces are defined over the set Pi = {0,-l}cQ or R. 

We illustrate this by an example. 

Example 2.25: Let V = Q x Q be a vector space defined over 
the field Q. Let Pi = {0, -1} c Q be a proper subset of Q. 
T = {collection of all quasi set vector subspaces of V defined 
over the set Pi = {0, -1} c Q). T is a quasi set topological 
vector subspace of V defined over the set Pi. 

Now the basic set B of T is as follows: B = {{(0, 0), (a, 0), 
(-a, 0)}, {(0, 0), (0, b), (0, — b)}, {(0, 0), (a, b), (-a, -b)} | a, b e 
Q \ {0}}. T is the dual quasi set topological vector subspace of 
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V defined over the set P! = {0, -1} cr Q. Suppose S = 
{collection of all quasi set vector subspaces of V defined over 
the set P = {0, 1} c Q}; S is the fundamental quasi set 
topological vector subspace of V defined over the set P = {0, 1 } . 

Suppose Bi is the basic set of S over the set P = {0, 1}. 
Now B! = {{(0, 0), (a, b)} | a, b e Q, (a, b) ^ (0, 0)} is the basic 
set. With the basic set as the atoms we can get an infinite 
Boolean algebra associated with S over P. 

We see in case of the dual fundamental quasi set topological 
vector subspace the basic set B serves as the atom of the related 
infinite Boolean algebra. Clearly both B and B, are of different 
cardinality o(Bi) > o(B). 

Further we see both the fundamental dual quasi set 
topological vector subspaces as well as fundamental quasi set 
topological vector subspace over Pi and P respectively satisfy 
the second axiom of countability. 

Interested reader can study the above example by replacing 
Q by R. 

Example 2.26 : Let V = QxQxQbe the vector space defined 
over the field F = Q. Let P = {0, 1,-1} c Q = F be a set in V. 
T = {all quasi set vector subspaces of V defined over the set 
P = {0, 1, -1} c Q = F}, T is a quasi set topological vector 
subspace of V defined over the set P = {0, 1,-1}. The basic set 
B of T is given by B = { {(0, 0, 0), (a, b, c), -(a, b, c) = (-a, -b, - 
c)} a, b, c e Q and (a, b, c) ^ (0, 0, 0)}. Clearly T satisfies the 
second axiom of countability. 

Example 2.27 \ Let V = Z 5 x Z 5 be the vector space defined 
over the field Z 5 = F. Let P = {0, 1 } c Z s . T = {all quasi set 
vector subspaces of V defined over the set P = {0, 1} c Z 5 }. T 
is a quasi set topological vector subspace with the basic set B T = 
{{(0, 0), (1, 0)}, {(0, 0), (0, 1)}, ..., {(0, 0), (4, 4)}} and o(B T ) 
= 5 2 -l = 24. 
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Let S = {all quasi set vector subspaces of V defined over the 
set Pi = {0, 4} cr Z 5 }. S is a quasi set topological vector 
subspace with basic set B s = {{(0, 0), (1, 0), (4, 0)}, {(0, 0), 
(0, 1), (0, 4)}, {(0, 0), (2, 0), (3, 0)}, {(0, 0), (0, 2), (0, 3)}, 
{(0, 0), (1, 1), (4, 4)}, {(0, 0), (2, 2), (3, 3)}, {(0, 0), (1, 2), 
(4, 3)}, {(0, 0), (2, 1), (3, 4)}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), 
(3, 1), (2, 4)}, {(0, 0), (2, 3), (3, 2)}, {(0, 0), (1, 4), (4, 1)}} of S 
over the set P! = {0, 4} cr Z 5 . 

Let M = {all quasi set vector subspaces of V defined over 
the set P 2 = { 1 , 4} } . M is a topological space of quasi set vector 
subspaces of V over P 2 . Let B M be the basic set of M. 



B m = {(0, 0), {(1, 0), (4, 0)}, {(0, 1), (0, 4)}, {(0, 2), (0, 3)}, 
{(2, 0), (3, 0)} {(1, 2), (4, 3)}, {(2, 1), (3, 4)}, {(1, 3), (4, 2)}, 
{(3, 1), (2, 4)}, {(3, 2), (2, 3)}, {(1, 4), (4, 1)}, {(1, 1), (4, 4)}, 
{(2, 2), (3, 3)}} is the basic set of M. 



Let N = {all quasi set vector subspaces of V defined over 
the set {0, 1, 4} c Z 5 }. N is a quasi set topological vector 
subspace of V defined over the set {0, 1,4}. 



The basic set B N of N is as follows: B N = {{(0, 0), (1, 0), 
(4, 0)}, {(0, 0), (0, 1), (0, 4)}, {(0, 0), (2, 0), (3, 0)}, {(0, 0), 
(0, 2), (0, 3)}, {(0, 0), (1, 1), (4, 4)}, {(0, 0), (2, 2), (3, 3)}, 
{(0, 0), (2, 3), (3, 2)}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), (3, 1), 
(2, 4)}, {(0, 0), (1, 2), (4, 3)}, {(0, 0), (2, 1), (3, 4)} {(0, 0), 
(1, 4), (4, 1)}} is the basic set identical with the basic set B s of 
S. 



Inview of this we see we can have quasi set topological 
vector subspaces to be the same even for different subsets in the 
field over which the vector space is defined. 

THEOREM 2.12: Let V = Z p xZ p x...xZ p be a vector space 

n -times 

defined over the field Z p . There exists atleast two quasi set 
topological vector subspaces of V which are identical (same) 
but defined over different subsets ofZ p . 
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Proof: Let M = {collection of all set quasi vector subspaces of 
V defined over the set {0, p— 1 } cr Z p }; be the quasi set 
topological vector subspace of V defined over {0, p-1} c Z p . 
Let P = {collection of all set quasi vector subspaces of V 
defined over the set {0, 1, p-1} c Z p } be the quasi set 
topological vector subspace of V defined over the set {0, 1, 
p-1} c Z p . M and P have the same basic sets, that is M and P 
are identical quasi set topological vector subspaces defined over 
the sets {0, p-1} and {0, 1, p-1} respectively. 

Hence the claim. 

Thus distinct sets need not pave way for different quasi set 
topological vector subspaces. 

Example 2.28: Let V = Z 5 x Z 5 be a vector space defined over 
Z 5 . We have seen quasi set topological vector subspaces of V 
defined over the sets {0, 1}, {0, 4}, {4, 1} and {0, 1, 4}. Now 
we find on other subsets of Z 5 the quasi set topological vector 
subspaces defined over the set A = {0, 1, 2, 3} cr Z 5 . B = 
{collection of all quasi set vector subspaces defined over the set 
{0, 1, 2, 3} = A c Z 5 }. B is quasi set topological vector 
subspace of V defined over the set A. 

Suppose X is the basic set of B; then X = {{(0, 0), (0, 1), 
(0, 2), (0, 3), (0, 4)}, {(0, 0), (1, 0), (2, 0), (3, 0), (4, 0)}, {(0, 0), 
(1, 1), (2, 2), (3, 3), (4, 4)}, {(0, 0), (1, 2), (2, 4), (3, 1), (4, 3)}, 
{(0, 0), (2, 1), (4, 2), (1, 3), (3, 4)} {(0, 0), (2, 3), (3, 2), (4, 2), 
(2, 4)}}; we see the associated lattice of B is a Boolean algebra 
L and L is of order 2 6 with X as its atom set and {(0, 0)} is the 
least element L and V is the greatest element of L. 

Let us consider a set W = {0, 3, 4} cr Z 5 . Suppose Y = 
{collection of all quasi set vector subspaces of V defined over 
the set W = {0, 3, 4} c Z 5 }, Y is a quasi set topological vector 
subspace of V defined over the set W = {0, 3, 4} c Z 5 . 



The basic set of Y be D Y = {{(0, 0), (1, 0), (3, 0), (4, 0), 
(2, 0)}, {(0, 0), (0, 1), (0, 3), (0, 2), (0, 4)}, {(0, 0), (1, 1), (2, 2), 
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(3, 3), (4, 4)}, {(0, 0), (1, 4), (3, 2), (4, 1), (2, 3)}, {((0, 0), 
(4, 3), (2, 4), (1, 2), (3, 1)}, {(0, 0), (2, 1), (1, 3), (4, 2), (3, 4)}}. 
D Y is the basic set of the quasi set topological vector subspace 
of V defined over the set W = {0, 3, 4} c Z 5 . 

Let L = {0, 2, 3, 4} c Z 5 be a subset of Z 5 . F = {collection 
of all quasi set vector subspaces of V defined over the set L = 
{0, 2, 3, 4} c Z 5 }, be a quasi set topological vector subspace of 
V defined over the set L = {0, 2, 3, 4}. 

The basic set of F over the set L is given by Z = { {(0, 0), 
(1, 0), (2, 0), (3, 0), (4, 0)}, {(0, 0), (0, 1), (0, 2), (0, 3), (4, 0)}, 
{(0, 0), (0, 1), (0, 2), (0, 3), (0, 4)}, {(0, 0), (1, 1), (2, 2), (3, 3), 
(4, 4)}, {(0, 0), (2, 1), (4, 2), (3, 4), (1, 3)}, {(0, 0), (2, 3), (4, 1), 
(3, 2), (1,4)}}. 



Clearly o(Z) = 6 = (5 ^ . 

The lattice associated with F is a Boolean algebra with 
{(0, 0)} as its least element and V as its greatest element. 
Further the order of the Boolean algebra is 2 6 . 

Let U = {1, 2, 3, 4} c Z 5 be a subset of Z 5 . Suppose 
E = {collection of all quasi set vector subspaces of V defined 
over the set U = {1, 2, 3, 4} c Z 5 } be the quasi set topological 
vector subspace defined over U. 

The basic set of E over U is given by G = {{(1,0), (2, 0), 
(3, 0), (4, 0)}, {(0, 1), (0, 2), (0, 3), (0, 4)}, {(0, 0)}, {(1, 1), 
(2, 2), (3, 3), (4, 4)}, {(1, 2), (2, 4), (3, 1), (4, 3)}, {(2, 1), (4, 2), 
(1,3), (3,4)}, {(1,4), (4, 1), (2,3), (3,2)}}. 

Clearly o(G) = 7 and for this lattice L associated with E we 
see ‘4*’ the empty set, is the least element and V is the largest 
element of the lattice L. Infact L is a Boolean algebra of order 
2 7 . 
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Thus we can using different subsets of the field get different 
topological quasi set vector subspaces defined over different 
subsets. 

Now several questions are to be answered. 

(i) If S c F be a subset of a field and ifPcScF and P 
a proper subset of S; does there exist any relation 
between the quasi set topological vector subspaces of 
V defined over S and that of over P. 

To this end we first study some examples. 

(ii) Characterize those sets P, in F such that the quasi set 
topological vector subspaces of V defined over P; c F 
are isomorphic. 

Example 2.29\ Let V = Z 7 x Z 7 x Z 7 be a vector space defined 
over the field F = Z 7 . Let S = {0, 1, 2, 3} and P = {0, 1, 3} be 
two subsets of Z 7 . Clearly PcScZ 7 . 

Let T = {all quasi set vector subspaces of V defined over P} 
be the quasi set topological vector subspace of V defined over P 
and let W = {all quasi set vector subspaces of V defined over S} 
be the quasi set topological vector subspaces of V over S. 

We will denote the basic set of T by B T and that of W by 
B w respectively. 

Now B t = {{(0, 0), (1, 0), (3, 0), (2, 0), (6, 0), (4, 0), (5, 0)}, 
{(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)}, {(0, 0), (1, 1), 
(2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}}, {(0, 0), (1, 2), (3, 6), (2, 4), 
(6, 5), (4, 1), (5, 13)}, {(0, 0), (2, 1), (6, 3), (4, 2), (5, 6), (1, 4)}, 
{(0, 0), (1, 3), (3, 2), (2, 6), (6, 4), (4, 5), (5, 1)}, {(0, 0), (1, 5), 
(3, 1), (2, 3), (6, 2), (4, 6), (5, 4)}, {(0, 0), (1, 6), (3, 4), (2, 5), 
(6,1), (4, 3), (5, 2)}}. 



Clearly o(B T ) = 8. 
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Now we find B w = {{(0, 0), (1, 0), (2, 0), (3, 0), (6, 0), 
(4, 0), (5, 0)}, {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)}, 
{(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}, {(0, 0), (1, 2), 
(2, 4), (4, 1), (3, 6), (6, 5), (5, 3)} {(0, 0), (2, 1), (4, 2), (1, 4), 
(3, 5), (5, 6), (6, 3)} {(0, 0), (1, 3), (2, 6), (4, 5), (3, 2), (6, 4), 
(5, 1)}, {(0, 0), (3, 1), (6, 2), (5, 4), (1, 5), (2, 3), (4, 6)}, {(0, 0), 
(1, 6), (2, 5), (4, 3), (3, 4), (6, 1), (5, 2)}}. Clearly o(B w ) = 8. 



Thus though P = {0, 1, 3} c {0, 1,2,3} = Sc Z 7 we see 
B w = B t . 



Let B = {0, 1, 2, 3} and M = {0, 2} be subsets of Z 7 . 
Clearly McS. Now let 

N = {all quasi set vector subspaces of V defined over M} be 
the topological space of quasi set vector subspaces defined over 
M cr Z 7 . Let B N denote the basic set of N. 



Bn = {{(0, 0), (1, 0), (2, 0), (4, 0)}, {(0, 0), (0, 1), (0, 2), 
(0, 4)}, {(0, 0), (3, 0), (6, 0), (5, 0)}, {(0, 0), (0, 3), (0, 6), 

(0, 5)}, {(0, 0), (1, 1), (2, 2), (4, 4)}, {(0, 0), (3, 3), (6, 6), 

(5, 5)}, {(0, 0), (1, 2), (2, 4), (4, 1)}, {(0, 0), (2, 1), (4, 2), 

(1, 4)}, {(0, 0), (1, 3), (2, 6), (4, 5)}, {(0, 0), (3, 1), (6, 2), 

(5, 4)}, {(0, 0), (1, 5), (2, 3), (4, 6)}, {(0, 0), (5, 1), (3, 2), 

(6, 4)}, {(0, 0), (1, 6), (2, 5), (4, 3)}, {(0, 0), (6, 1), (5, 2), 

(3, 4)}, {(0, 0), (3, 5), (6, 3), (5, 6)}, {(0, 0), (5, 3), (3, 6), 

(6, 5)}}. 



Clearly o(B N ) = 16. 



We see M c S but elements of B N are subsets of the 
elements of B w . This can be seen by observing B N and B w . 



Example 2.30: Let V = Z n x Z u be a vector space defined over 
the field Z u ■ Take P = {0, 6, 5} and Pi = {0, 7, 4}, subsets of 
Zn. To find the quasi set topological vector subspaces 
associated with (or over) Pi and P respectively. 
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Let S = {all quasi set vector subspaces of V defined over the 
set P}; be the quasi set topological vector subspace of V defined 
over the set P. M = {all quasi set vector subspaces of V defined 
over the set Pi} be the quasi set topological vector subspace of 
V defined over the set P^ 



The basic set B s of S is B s = {{(0, 0), (1, 0), (6, 0), (5, 0), 
(8, 0), (4, 0), (9, 0), (7, 0), (2, 0), (10, 0), (3, 0)}, {(0, 0), (1, 1), 
(2, 2), (10, 10)}; {(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, 7), 

(6, 1), (8, 5), (7, 3), (2, 4), (10, 9)}, {(0, 0), (1, 3), (6, 7), (3, 9), 
(7, 10), (9, 5), (10, 8), (5, 4), (8, 2), (4, 1), (2, 6)}, {(0, 0), (1, 4) 
(6, 2), (3, 1), (7, 6), (9, 3), (10, 7), (5, 9), (8, 10), (4, 5), (2, 8), 
(1, 4), (6, 2)}, {(0, 0), (1, 5), (6, 8), (3, 4), (7, 2), (9, 1), (10, 6), 
(5, 3), (8, 7), (4, 9), (2, 10)}, {(0, 0), (5, 1), (8, 6), (4, 3), (2, 7), 
(1, 9), (6, 10), (3, 5), (7, 8), (9, 4), (10, 2)}, {(0, 0), (1, 6), (6, 3), 
(3, 7), (7, 9), (9, 10), (10, 5), (5, 8), (8, 4), (4, 2), (2, 1)}, {(0, 0), 
(1, 7), (6, 9), (3, 10), (7, 5), (9, 8), (10, 4), (5, 2), (8, 1), (4, 6), 
(2, 3)} {(0, 0), (1, 8), (6, 4), (3, 2), (7, 1), (9, 6), (10, 3), (5, 7), 
(8, 9), (4, 10), (2, 5)}, {(0, 0), (1, 9), (6, 10), (3, 5), (7, 8), (9, 4), 
(10, 2), (5, 1), (8, 6), (4, 3), (2, 7)}, {(0, 0), (1, 10), (6, 5), (3, 8), 
(7, 4), (9, 2), (10, 1), (5, 6), (8, 3), (4, 7), (2, 9)}}. o(B s ) = 12. 



Now we consider B M , the basic set of the quasi set 
topological vector subspace of M over Pi = {0, 7, 4}. 



B m = {{(0, 0), (1, 0), (7, 0), (5, 0), (2, 0), (3, 0), (10, 0), 
(4, 0), (6, 0), (9, 0), (8, 0)}, {(0, 1), (0, 1), (0, 2), (0, 3), (0, 4), 
(0, 5), (0, 6), (0, 7), (0, 8), (0, 9), (0, 10)}, {(0, 0), (1, 3), (7, 10), 
(5, 4), (2, 6), (3, 9), (10, 8), (4, 1), (6, 7), (9, 5), (8, 2)}, {(0, 0), 

(1, 4), (7, 6), (5, 9), (2, 8), (3, 1), (10, 7), (4, 5), (6, 2), (9, 3), 

(8, 10)}, {(0, 0), (1, 5), (7, 2), (5, 3), (2, 10), (3, 4), (10, 6), 
(4, 9), (6, 8), (9, 1), (8, 7)}, {(0, 0), (1, 6), (7, 9), (5, 8), (2, 1), 

(3, 7), (10, 5), (4, 2), (6, 3), (9, 10), (8, 4)}, {(0, 0), (1, 7), (7, 5), 

(5, 2), (2, 3), (3, 10), (10, 4), (4, 6), (6, 9), (9, 8), (8, 1)}, {(0, 0), 
(1, 8), (7, 1), (5, 7), (2, 3), (3, 2), (10, 3), (4, 10), (6, 4), (9, 6), 
(8, 9)}, {(0, 0), (1, 9), (7, 8), (5, 1), (2, 7), (3, 5), (10, 2), (4, 3), 
(6, 10), (9, 4), (8, 6)}, {(0, 0), (1, 10), (7, 4), (5, 6), (2, 9), (3, 8), 
(10, 1), (4, 7), (6, 5), (9, 2), (8, 3)}, {(0, 0), (1, 1), (2, 2), ..., 
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(10, 10)}, {(0, 0), (1, 2), (7, 3), (5, 10), (2, 4), (3, 6), (10, 9), 
(4,8), (6, 1), (9, 7), (8, 5)}}. 

o(B m ) = 12. 

We see M and S are identical as topologies. 

Take A = {0, 5, 10} and C = {0, 5} to be proper subsets of 
the field Z n . 



D = {all quasi set vector subspaces defined over the subset 
A = {0, 5, 10}} be the quasi set topological vector subspace of 
V over A and E = {all quasi set vector subspaces of V defined 
over the set C = {0, 5}}} be the quasi set topological vector 
subspace of V over C. 



Let B d and B E be the basic sets of D and E respectively. 



B d = {{(0, 0), (1, 0), (5, 0), (3, 0), (4, 0), (9, 0), (10, 0), 
(8, 0), (7, 0), (2, 0), (6, 0)}, {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), 
(0, 5), (0, 6), (0, 7), (0, 8), (0, 9), (0, 10)}, {(0, 0), (1, 1), ..., 
(10, 10)}, {(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, 7), (10, 9), 
(6, 1), (8, 5), (7, 3), (2, 4)}, ..., {(1, 10), (5, 6), (3, 8), (4, 7), 
(9, 2), (10, 1), (6, 5), (8,3), (7, 4), (2, 9)}}. 



o(B d ) = 12. 



B e = {{(0, 0), (1, 0), (5, 0), (3, 0), (4, 0), (9, 0)}, {(0, 0), 
(2, 0), (10, 0), (6, 0), (8, 0), (7, 0)}, {(0, 0), (1, 1), (5, 5), (3, 3), 
(4, 4), (9, 9)}, {(0, 0), (2, 2), (10, 10), (6, 6), (8, 8), (7, 7)}, 
{(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, 7)}, {(0, 0), (2, 1), 
(10, 5), (6, 3), (8, 4), (7, 9)}, {(0, 0), (1, 3), (5, 4), (3, 9), (4, 1), 
(9, 5)}, {(0, 0), (3, 1), (4, 5), (9, 3), (1, 4), (5, 9)}, {(0, 0), (1, 5), 
(5, 3), (3, 4), (4, 9), (9, 1)}, {(0, 0), (5, 1), (3, 5), (4, 3), (9, 4), 

(1, 9)}, {(0, 0), (1, 6), (5, 8), (3, 7), (4, 2), (9, 10)}, {(0, 0), 

(6, 1), (8, 5), (7, 3), (4, 2), (9, 10)}, {(0, 0), (6, 1), (8, 5), (7, 3), 

(2, 4), (10, 9)}, {(0, 0), (1, 7), (5, 2), (3, 10), (4, 6), (9, 8)}, 

{(0, 0), (7, 1), (2, 5), (10, 3), (6, 4), (8, 9)}, {(0, 0), (1, 8), (5, 7), 
(3, 2), (4, 10), (9, 6)}, {(0, 0), (8, 1), (7, 5), (2, 3), (10, 4), 
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(6, 9)}, {(0, 0), (1, 10), (5, 6), (3, 8), (4, 7), (9, 2)}, {(0, 0), 
(10, 1), (6, 5), (8, 3), (7, 4), (2, 9), {(0, 0), (2, 6), (10, 8), (6, 7), 
(8, 2), (7, 10)}, {(0, 0), (6, 2), (8, 10), (7, 6), (2, 8), (10, 7)}, 
{(0, 0), (2, 7), (10, 2), (6, 10), (8, 6), (7, 8)}, {(0, 0), (7, 2), 
(2, 10), (10, 6), (6, 8), (8, 7)}, {(0, 0), (2, 10), (10, 6), (6, 8), 
(8, 7), (7, 2)}, {(0, 0), (10, 2), (6, 10), (8, 6), (7, 8), (2, 7)}}. 

Clearly o(B E ) = 24 and C = {0, 5} cr {0, 5, 10} = A c Z n . 
However the topologies are distinct. We see topology E has its 
related Boolean algebra to be of order 2 24 where as the Boolean 
algebra of the topology D is of order 2 12 . 

Now we see examples of subbasic set of a basic set and the 
topologies generated by the subbasic sets. Suppose T is a quasi 
set topological vector subspace of V defined over a set P c F (F 
a field over which V is defined). 

Fet B t be the basic set of T. Fet S c B T (S a proper subset 
of B t ). S will generate a topological vector subspace defined as 
the quasi set subtopological vector subspace of V defined over 
the set PcF. 

We will illustrate the situation by some examples. 

Example 2.31 : Fet V = Z 5 x Z 5 be a vector space over Z 5 . Fet 
Pi = {2, 0, 1} cr Z 5 be a subset of Z 5 . Fet T = {collection of all 
quasi set vector subspaces of V defined over the set P! c Z 5 }, be 
the quasi set topological vector subspace of V defined over the 
set Pi. Fet B t denote the basic set of T. 



B t = {vi = {(0, 0), (1, 0), (2, 0), (4, 0), (3, 0)}, v 2 = {(0, 0), 
(0, 1), (0, 2), (0, 4), (0, 3)}, v 3 = {(0, 0), (1, 1), (2, 2), (3, 3), 
(4, 4)}, v 4 = {(0, 0), (1, 2), (2, 4), (4, 3), (3, 1)}, {(0, 0), (2, 1), 
(4, 2), (1, 3), (3, 4)} = v 5 , {(0, 0), (1, 4), (2, 3), (4, 1), (3, 2)} = 
v 6 }. 



°(B T ) = 



( 5 2 



1 ) 



= 6 . 



4 
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Thus the associated lattice is of order 2 6 , that is a Boolean 
algebra. We see {(0)} is the least element so S = {(0, 0),v ; } will 
give a quasi set topological vector subspaces with only basic 
element v ; (1 < i < 6), of course which we call as indiscrete 
quasi set topological vector subspace (i fixed). 

P={(0, 0), v, Vj | i * j, 1 < i, j < 6}, i and j fixed, be the 
basic set and P generates a topology T P = {(0, 0), Vi, Vj, v, u vj} 
that is a quasi set topology with four elements. 

Let 

B = {(0, 0), V;, Vj, v k | i, j and k are distinct; 1 < i, j, k < 6} 
be a basic set for which the associated topology has 8 elements 
given by 



T B = {(0, 0), Vi, Vj, Vj U Vi, V k , V k U V;, Vj U V k , V.UVjU v k } . 
Thus Vj u Vj u v k is the largest element of the associated 
Boolean algebra of order 2 3 . 

Let C = {(0, 0), Vj, Vj, v k , V; | Vj, Vj, v k and Vi are distinct 
elements of B T . 1 < i, j, k, 1 < 6}. T c the associated quasi set 
topology has, 2 4 elements and so on. 

We call T c , T B , T s , T P as quasi set subtopologies of vector 
subspaces of the quasi set topological vector subspace of T. 

Infact we have 62 distinct subtopologies for the quasi set 
topological vector subspaces of T over the same set Pi = {0, 1, 
2 }- 



Interested reader can construct such quasi set subtopological 
vector subspaces of any given quasi set topological vector 
subspace defined over a subset P of the field F. For all such 
subtopologies are defined only over P. S will generate a quasi 
set topological vector subspace defined as the quasi set 
subtopological vector subspace of V defined over the set PcF. 

We will illustrate this situation by some examples. 
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Example 2.32: Let V = Z n x Z n be a vector space defined over 
field Zn. Let P = {0, 2, 6, 8} c Zn be a proper subset of Zn. 

T = {all quasi set vector subspaces of V defined over the set P} 
be the quasi set topological vector subspace of V defined over 
the set P. 

The basic set B T of T is as follows: B T = {{(0, 0), (1, 0), 
(2, 0), (6, 0), (8, 0), (4, 0), (3, 0), (9, 0), (5, 0), (10, 0), (7, 0)} = 
Vl , {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), 
(0, 9), (0, 10)} = v 2 , v 3 = {(0, 0), (1, 1), (2, 2), ..., (10, 10)}, v 4 = 
{(0, 0), (1, 2), (2, 4), (4, 8), (8, 5), (5, 10), (10, 9), (9, 7), (7, 3), 
(3, 6), (6, 1)}, v 5 = {(0, 0), (2, 1), (4, 2), (8, 4), (5, 8), (10, 5), 
(9, 10), (7, 9), (3, 7), (6, 3), (1, 6)}, v 6 = {(0, 0), (1, 3), (2, 6), 
(4, 1), (8, 2), (5, 4), (10, 8), (9, 5), (7, 10), (3, 9), (6, 7)}, v 7 = 
{(0, 0), (3, 1), (6, 2), (1, 4), (2, 8), (4, 5), (8, 10), (5, 9), (10, 7), 
(9, 3), (7, 6)}, v 8 = {(0, 0), (1, 5), (2, 10), (4, 9), (8, 7), (5, 3), 
(10, 6), (9, 1), (7, 2), (3, 4), (6, 8)}, v 9 = {(0, 0), (5, 1), (10, 2), 
(9, 4), (7, 8), (3, 5), (6, 10), (1, 9), (2, 7), (4, 3), (8, 6)}, v 10 = 
{(0, 0), (1, 7), (2, 3), (4, 6), (8, 1), (5, 2), (10, 4), (9, 8), (7, 5), 
(3, 10), (6, 9)}, v n = {(0, 0), (7, 1), (3, 2), (6, 4), (1, 8), (2, 5), 
(4, 10), (8, 9), (5, 7), (10, 3), (9, 6)}, v 12 = {(0, 0), (1, 10), (2, 9), 
(4, 7), (8, 3), (5, 6), (10, 1), (6, 5), (5, 6), (3, 4), (4, 3)}. 

Thus B t = {vi, v 2 , ..., Vi 2 } and o(B T ) = 12. The lattice 
associated with the quasi set topological vector subspace of V 
defined over the set P is a Boolean algebra of order 2 12 . 

All subtopological quasi set vector subspaces of V defined 
over P will be a Boolean algebra of order 2 n ; 1 < n < 1 1 . 

Example 2.33: Let V = Z 19 x Z 19 be the vector space defined 
over the field Z [9 . Let P = {0, 3, 6, 9, 12, 15, 18} cr Z [9 be a 
subset of Z 19 . T = {collection of all quasi set vector subspaces 
of V defined over P cr Z [9 }, be a quasi set topological vector 
subspace of V over P. 

Let B t be the basic set of T. B T = {{(0, 0), (1, 0), (3, 0), 
(9, 0), (6, 0), (18, 0), (12, 0), (15, 0), (17, 0), (8, 0), (5, 0), (11, 
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0), (14, 0), (7, 0), (2, 0), (16, 0), (10, 0), (4, 0), (13, 0) and so 
on}} = {vi, V 2 , ..., V 20 }; each V; is of cardinality 19, 1 < i < 20. 

We see the associated lattice of T is a Boolean algebra of 
order 2 20 . We get several quasi set subtopological vector 
subspaces of V defined over the set P. 

Each of the subtopological quasi set subvector spaces give a 
lattice which is a Boolean algebra of order 2", 1 < n < 19. 

Now we define the concept of quasi subset subtopological 
vector subspace of V defined over a subset in F; V is a vector 
space defined over the field F. 

DEFINITION 2.5: Let V be a vector space defined over the field 
F. Let P cz F be a proper subset of F. T = {collection of all 
quasi set vector subspaces ofV defined over the set P cz Fj be a 
quasi set topological vector subspace of V defined over the set 

P. 



Let M czP be a proper subset of M. IfS = {collection of all 
quasi set vector subspaces of V defined over the set M <r P}, 
then we define S to be the collection of quasi subset vector 
subspaces of V defined over the set M <z P. Infact S is a quasi 
subset subtopological vector subspace of V defined over the 
subset M czP. 

We will illustrate this situation by some examples. 

Example 2.34: Fet V = Z 7 x Z 7 be a vector space defined over 
the field F = Z 7 . P = {0, 1, 6, 4} c Z 7 be a subset of Z 7 . 
T = {all quasi set vector subspaces of V defined over the set 
P = {0, 1, 4, 6} c Z 7 } be the quasi set topological vector 
subspace of V over the set P. 



B? = {{(0, 0), (1, 0), (6, 0), (4, 0), (5, 0), (2, 0), (3, 0)}, 
{(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)}, {(0, 0), (1, 1), 
(2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}, {(0, 0), (1, 2), (4, 1), (6, 5), 
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(2, 4), (5, 3), (3, 6)}, {(0, 0), (2, 1), (1, 4), (5, 6), (4, 2), (3, 5), 
(6, 3)}, {(0, 0), (1, 3), (4, 5), (6, 4), (3, 2), (5, 1), (2, 6)}, {(0, 0), 
(3, 1), (5, 4), (4, 6), (2, 3), (1, 5), (6, 2)}, {(1, 6), (6, 1), (3, 4), 
(4, 3), (11, 5), {5, 11), (0, 0)}}. 

o(Bt) = 8. 

Let M = {0, 4} c P = {0, 4, 6, 1 } c Z 7 . Suppose 
S={all quasi set vector subspaces of V defined over the set M}; 
be the quasi set topological vector subspace of V defined over 
the set M = {0, 4} cr P. 

Now Bf = {(0, 0), (1, 0), (4, 0), (2, 0)}, {(0, 0), (0, 1), 
(0, 4), (0, 2)}, {(0, 0), (1, 1), (4, 4), (2, 2)}, {(0, 0), (3, 0), (5, 0), 
(6, 0)}, {(0, 0), (0, 3), (0, 5), (0, 6)}, {(0, 0), (3, 3), (5, 5), 

(6, 6)}, {(0, 0), (1, 2), (4, 1), (2, 4)}, {(0, 0), (2, 1), (4, 1), 

(4, 2)}, {(0, 0), (1, 3), (4, 5), (2, 6)}, {(0, 0), (3, 1), (4, 5), 

(6, 2)}, {(0, 0), (1, 5), (4, 6), (2, 3)}, {(0, 0), (5, 1), (6, 4), 

(3, 2)}, {(0, 0), (1, 6), (4, 3), (2, 5)}, {(0, 0), (6, 1), (3, 4), 

(5, 2)}, {(0, 0), (3, 6), (5, 3), (6, 5)}, {(0, 0), (3, 6), (3, 5), 

(5, 6)}}. 

o(B s m )=16. 

We see every set in Bjf is a subset of a set inB^ . Thus we 
can say in general the larger the subset which is taken in the 
field Z p the smaller is the cardinality of the basic set of the quasi 
set topological vector subspace and the smaller the subset taken 
in the field Z p , the larger is the cardinality of the basic set of the 
quasi set topological vector subspace. 

This is also seen from the above example. It may sometimes 
happen for both the subsets; the cardinality of the basic set is the 
same. This is the case for L = {0, 4, 6} cr {0, 6, 4, 1} = P. That 
is o( B^ ) = o( Blp ) where A is the quasi set topological vector 
subspace of V defined over the subset LcPcZ 7 . 
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Example 2.35: Let Z 13 x Z 13 be a vector space defined over the 
field Z 13 = F. Take P = {0, 2, 5, 8, 10} c Z 13 . Let T = 
{collection of all quasi set vector subspaces of V defined over 
the set P cr Z 13 } be the quasi set topological vector subspace of 
V defined over the set P c Z !3 . 



The basic set of T is denoted by 



B? = {{(0, 0), (1, 0), (2, 0), (5, 0), (8, 0), (10, 0), (4, 0), 
(3, 0), (6, 0), (12, 0), (11, 0), (9, 0), (7, 0)}, {(0, 0), (0, 1), (0, 2), 
(0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 10), (0, 9), (0, 11), 
(0, 12)}, {(0, 0), (1, 1), (2, 2), ..., (12, 12)}, {(0, 0), (1, 2), 
(2, 4), (4, 8), (8, 3), (3, 6), (6, 12), (12, 11), (11, 9), (9, 5), 
(5, 10), (10, 7), (7, 1)}, {(0, 0), (2, 1), (4, 2), (8, 4), (3, 8), 
(6, 3), (12, 6), (11, 12), (9, 11), (5, 9), (10, 5), (7, 10), (1, 7)}, 
{(0, 0), (T, 3), (2, 6), (4, 12), (8, 11), (3, 9), (6, 5), (12, 10), 
(11, 7), (9, 1), (5, 2), (10, 4), (7, 8)} {(0, 0), (3, 1), (6, 2), 
(12, 4), (11, 8), (9, 3), (5, 6), (10, 12), (7, 11), (1, 9), (2, 5), 
(4, 10), (8, 7)}, {(0, 0), (1, 4), (2, 8), (4, 3), (8, 6), (3, 12), 
(6, 11), (12, 9), (11, 5), (9, 10), (5, 7), (10, 1), (7, 2)} {(0, 0), 
(4, 1), (8, 2), (3, 4), (6, 8), (12, 3), (11, 6), (9, 12), (5, 11), 
(10, 9), (7, 5), (1, 10), (2, 7)}, {(0, 0), (1, 5), (2, 10), (4, 7), 
(8, 1), (3, 2), (6, 4), (12, 8), (11, 3), (9, 6), (5, 12), (TO, 11), 
(7, 9)}, {(0, 0), (5, 1), (10, 2), (7, 4), (1, 8), (2, 3), (4, 6), (8, 12), 
(3, 11), (6, 9), (12, 5), (11, 10), (9, 7)}, {(0, 0), (1, 6), (2, 12), 
(4, 11), (8, 9), (3, 5), (6, 10), (12, 7), (11, 1), (9, 2), (5, 4), 

(10, 8), (7, 3)}, {(0, 0), (6, 1), (12, 2), (11, 4), (9, 8), (5, 3), 

(10, 6), (7, 12), (1, 11), (2, 9), (4, 5), (8, 10), (3, 7)}, {(0, 0), 

(1, 12), (2, 11), (4, 9), (8, 5), (3, 10), (6, 7), (12, 1), (11, 2), 

(9, 4), (5, 8), (10, 3), (7, 6)}}.o(B?)=14. 



Now take M = {0, 8} c P c Zi 3 . Let S = {all quasi set 
vector subspaces of V defined over the set M} be the quasi 
subset topological vector subspace of V defined over the set M. 



B s m = {{(0, 0), (1, 0), (8, 0), (12, 0), (5, 0)}, {(0, 0), (0, 1), 
(0, 8), (0, 12), (0, 5)}, {(0, 0), (2, 0), (3, 0), (11, 0), (10, 0)}, 
{(0, 0), (0, 2), (0, 3), (0, 11), (0, 10)}, {(0, 0), (4, 0), (6, 0), 
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(9, 0), (7, 0)}, {(0, 0), (0, 4), (0, 6 ), (0, 9), (0, 7)}, {(0, 0), (4, 4), 
( 6 , 6 ), (9, 9), (7, 7)}, {(0, 0), (2, 2), (3, 3), (11, 11), (10, 10)}, 
{(0, 0), (1, 1), ( 8 , 8 ), (12, 12), (5, 5)}, {(0, 0), (1, 2), ( 8 , 3), 
(12, 11), (5, 10)}, {(0, 0), (2, 1), (3, 8 ), (11, 12), (TO, 5)}, 
{(0, 0), (1, 3), ( 8 , 11), (12, 10), (5, 2)}, {(0, 0), (3, 1), (11, 8 ), 
(10, 12), (2, 5)}, {(0, 0), (1, 4), ( 8 , 6 ), (12, 9), (5, 7)}, {(0, 0), 
(4, 1), ( 6 , 8 ), (9, 12), (7, 5)}, {(0, 0), (1, 5), ( 8 , 1), (12, 8 ), 
(5, 12)}, {(0, 0), (5, 1), (1, 8 ), ( 8 , 12), (12, 5)}, {(0, 0), (1, 6 ), 
( 8 , 9), (12, 7), (5, 6 )}, {(0, 0), ( 6 , 1), (9, 8 ), (7, 12), (5, 6 )}, 
{(0, 0), (1, 7), ( 8 , 4), (12, 6 ), (5, 9)}, {(0, 0), (7, 1), (4, 8 ), 

( 6 , 12), (9, 5)}, {(0, 0), (1, 9), ( 8 , 7), (12, 4), (5, 6 )}, {(0, 0), 

(9, 1), (7, 8 ), (4, 12), ( 6 , 5)}, {(0, 0), (1, 10), ( 8 , 2), (12, 3), 
(5, 11)}, {(0, 0), (10, 0), (2, 8 ), (3, 12), (11, 5)}, {(0, 0), (1, 11), 
( 8 , 10), (12, 2), (5, 3)}, {(0, 0), (11, 1), (10, 8 ), (2, 12), (3, 5)}, 

{(0, 0), (1, 12), ( 8 , 5), (12, 1), (5, 8 )}, {(0, 0), (2, 3), (3, 11), 

(11, 10), (10, 2)}, {(0, 0), (3, 2), (11, 3), (10, 11), (2, 10)}, 
{(0, 0), (2, 4), (3, 6 ), (11, 9), (10, 7)}, {(0, 0), (4, 2), ( 6 , 3), 
(9, 11), (7, 10)}, {(0, 0), (2, 6 ), (3, 9), (11, 7), (10, 4)}, {(0, 0), 
( 6 , 2), (9, 3), (7, 11), (4, 10)}, {(0, 0), (2, 7), (3, 4), (11, 6 ), 
(10, 9)}, {(0, 0), (7, 2), (4, 3), ( 6 , 11), (9, 10)}, {(0, 0), (2, 9), 
(3, 7), (11, 4), (TO, 6 )}, {(0, 0), (9, 2), (7, 3), (4, 11), ( 6 , 10)}, 
{(0, 0), (2, 11), (3, 10), (11, 2), (10, 3)}, {(0, 0), ( 6 , 7), (9, 4), 
(7, 6 ), (4, 9)}, {(0, 0), (7, 9), (4, 7), ( 6 , 4), (9, 6 )}, {(0, 0), (9, 7), 
(4, 7), (4, 6 ), ( 6 , 9)}} is of order 42 and the subtopological 
vector subspace of quasi subsets of M is of higher cardinality. 



Now having seen the notion of quasi subset subtopological 
vector subspaces; we now proceed onto suggest some problems 
to the reader. 



Problems: 

1. Find some interesting properties enjoyed by quasi 
set vector subspaces of a vector space V defined 
over the set P c F; F is the field over which V is 
defined. 

2. Find the number of quasi set vector subspaces of V; 
defined over the set P = {0, 2, 3, 4, 7} cr Z 13 , where 
V = Z 13 x Z i3 is defined over the field F = Zi 3 . 




Quasi Set Topological Vector Subspaces 



45 



3. How many quasi set vector subspaces of V over the 
set P = {0, 10} cr Z n exists? (V = Z n x Z n x Z n 
vector space defined over the field Zn). 

4. How many quasi set vector subspaces can be 
constructed using different subsets of the field 
F = Z 5 ? (V = Z 5 x Z 5 x Z 5 x Z 5 is a vector space 
defined over the field F). 



5. 



Let V = 




a ; e Zn, 1 < i < 6} be a 



vector space defined over the field Z u . 

Take P = {0, 1, 3, 7} cr Z n . T = {collection of all 
quasi set vector subspaces of V defined over the set 
P= {0, 1,3,7} cZ„}. 

(i) Is T a quasi set topological vector subspace 
defined over the set P? 

(ii) Find the basic set of T. 

(iii) Find the lattice L associated with T. 

(iv) Is L a Boolean algebra? 

(v) How many quasi set subtopological vector 
subspaces ofT exists overP? 

(vi) How many quasi subset subtopological 
vector subspaces of T exist over P? 

a i a 2 a 3 

6. Let V = < a 4 a 5 a 6 a ; e Z 19 , 1 < i < 9} 

3 .j 3g tig 



be a vector space over the field Zi 9 . Study (i) to (vi) 
mentioned in case of V in problem 5 by taking 
P = {6, 1,3,2 17} c Z 19 . 
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7. Let V = {(ai, a 2 , a 3 , a 4 , a 5 ) | a ; e Q, 1 < i < 5} be a 

vector space defined over the field Q. For P = {0, 

(i) Find the quasi set topological vector 
subspace T defined over the set P. 

(ii) Does T satisfy second countability axiom? 

(iii) If L is the associated lattice with minimum 
(least) element as {(0, 0, 0, 0, 0)} and 
maximum element as V; will atoms of L be 
the basic set of T? 

8. Study problem (7) in case of 



V = 



a, a 0 



a, a, 



a ; e Q, 1 < i < 20} and the set 



P={0,-l}cQ. 



9. Let V = {R x R x R x R} be a vector space defined 
over the field Q. 

(i) For P = {0,-1, 1} cQ find the quasi set 
topological vector subspace T of V defined 
over P. 

(ii) Does T satisfy the second axiom of 
countability? 
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10. Let V : 



a, e R, 1 < i < 10} be a vector 



space defined over the field R. For P = {0,-1} c 
R. Will the quasi set topological vector subspace T 
of V defined over the set P be second countable? 
Justify your claim. 

1 1 . Let V = Z 23 x Z 2 3 be a vector space defined over the 
field Z 2 3 . Let P = {1, 22} cr Z 23 be a proper subset 
of Z 23 . 

(i) Find the quasi set vector subspaces of V 
associated with P. 

(ii) Will this collection be a quasi set vector 
subspaces defined over the set P be a quasi 
topological vector subspace T? 

(iii) Find the basic set of T. 

(iv) Does T satisfy second and first axiom of 
countability? 

(v) Is the quasi set topological vector subspace 
T pseudo simple? 

(we say T is pseudo simple if T has no 
proper quasi subset subtopological vector 
subspaces. If P c F (F a field) and o(P) = 
2; then T is pseudo simple). 

12. Find some interesting features related with pseudo 
simple quasi set topological vector subspaces of V 
defined over a set P c F (F a field over which the 
vector space V is defined). 

13. Find some nice applications of quasi set vector 
subspaces of a vector space V defined over the 
subset P of a field F. 
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14. What are the special features enjoyed by the quasi 
set topological vector subspaces of a vector space V 
defined over a subset P of a field F? 



15. Does there exist a quasi set topological vector 
subspace of a vector space V defined over a set P 
which does not satisfy the second axiom 
countability? 

16. Does there exist a quasi set topological vector 
subspace defined over a set P which does not satisfy 
the first axiom of countability? 

17. Can one say all quasi set topological vector 
subspaces of a vector space V = Z p xZ p x...xZ p 

n -times 

defined over a set P c Z p always has its associated 
lattice to be a finite Boolean algebra? 



18. 



Let V = {[a s ] 



a^ e Z 43 ; 1 < i < n and 1 < j < m} 



be a vector space defined over the field Z 43 . 

Let P = {0, 2, 4, 6, 8, . . ., 42} c Z 43 . 

(i) Find quasi set vector subspaces of V 
defined over the set P. 

(ii) If T is the quasi set topological vector 
subspace of V defined over P; find the basic 
set B t ofT. 

(iii) Is T = M where M is a quasi set topological 

vector subspace of S = Z 43 x...xZ 43 

mn -times 

defined over the set P = {0, 2, ..., 42} c 
Z 43 ? 

(iv) Find lattices Li and L 2 associated with T 
and M respectively. 

(v) Will Li be lattice isomoiphic with the 
lattice L 2 ? 
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19. Does it imply isomotphic quasi set topological 
vector subspaces must have isomotphic Boolean 
algebras? 

20. Can we have isomotphic quasi set topological 
vector subspaces of V which are defined over 
different subsets of the field? 

21. Can we have isomotphic quasi set topological 
vector subspaces of different vector spaces Vi and 
V 2 ; Vi * V 2 defined over different subsets Pj cF, 
and P 2 c F 2 ? 

(F; is the field over which V; is defined i = 1, 2). 

22. Give any other interesting property about quasi set 
topological vector subspaces of a vector space 
defined over a subset of a field. 



23. Let V = Z 5 [x] be a vector space defined over the 
field Z 5 . Let P = {0, 1 } c: Z 5 . 

(i) Can we have a quasi set topological vector 
subspace T of V defined over the set P? 

(ii) Will T be second countable? 

(iii) Can T have a countable basic set B T ? 



24. 



Let V 



a; g Z 47 , 1 < i < 5 } be a vector 



space defined over the field Z 47 . P = {0, 3, 7, 5, 11, 
13, 17, 19, 23,29,31,37,41,43} cZ 47 . 



(i) Find at least two different quasi set vector 
subspaces of V defined over the set P. 
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(ii) Find the quasi set topological vector 

subspaces of T of V defined over P. 

(iii) Find the lattice associated with T. 

25. Let V = C x C x C be a complex vector space 

defined over the field C. Let P = {-1, 1, i, 0} cC. 

(i) Find all the quasi set vector subspaces of V 

defined over P. 

(ii) Find the quasi set topological vector 

subspace T of V defined over P. 

(iii) Find the basic set of T. 

(iv) Does T satisfy the axiom of first and second 
countability? 

(v) Prove T is not pseudo simple. 

26. Let V = C(Z 7 ) x C(Z 7 ) be a vector space defined 
over the field of complex modulo integers; C(Z 7 ). 
Let P = {0, l,i F }cC(Z 7 ). 

(i) Find two distinct quasi set vector subspaces 
of V defined over the set P. 

(ii) Let T be the quasi set topological vector 
subspace defined over the set P. Is T 
second countable? 

(iii) Find B T the basic set of T. 

(iv) Prove T is not pseudo simple. 

(v) If V is defined over Z 7 and P = {0, 1, 6} cr 
Z 7 ; study the problems (i) to (iv). 

27. Let V = C(Zi 3 ) x C(Z 13 ) x C(Z [3 ) be a vector space 
over the field Z 13 . Take P = {0, 4, 5, 10, 11} c Z 13 . 

(i) Find all the quasi set vector subspaces of V 
defined over the set P. 

(ii) Find the quasi set topological vector 
subspaces, T of V defined over the set P. 
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(iii) Can T have isomotphic quasi set 
subtopological vector subspaces of V 
defined over P? 

(iv) Prove T is not pseudo simple. 



28. Let V = < 



a ; g C(Z 17 ); 1 < i < 7} be a 



complex modulo integer vector space defined over 
the field Z 17 . Let P = {0, 4, 16} c Z 17 be a set. 

(i) Find atleast 3 distinct quasi set vector 
subspaces of V defined over P cr Zi 7 . 

(ii) Find the quasi set topological vector 
subspace T of V defined over the set P cr 
Z 17 . 

(iii) Is T pseudo simple? 

(iv) Find B T . 

(v) Compare V with W; where 



W= < 



a ; g Z i7 ; 1 < i < 7} is a vector 



space over Z 17 for problems (i) to (iv) of V. 



29. Let W = C(Z 19 )xC(Z 19 )x...xC(Z 19 ) be a vector 

10 -times 

space defined over the complex modulo integer 
vector space over the complex modulo integer field 
C(Z 19 ). 




